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outline
1. protein-solvent electrostatics

2. incompressible fluid flow
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1. protein-solvent electrostatics

atomic charges

Van der Waals radius

water molecules

molecular surface

dissolved salt ions

goal
�(x) : electrostatic potential

Esol : electrostatic solvation energy

– Typeset by FoilTEX – 3



Poisson-Boltzmann implicit solvent model
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boundary integral formulation Ju↵er et al. (1991)
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discretization

triangulation + centroid collocation
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) linear system : Ax = b

- GMRES

- matrix-vector product at each step

- fast summation ! treecode
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treecode : higher-order version of Barnes-Hut (1986)
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- geometrically adaptive

- low memory usage, good parallel e�ciency

Li-Johnston-K (2009) JCP 228
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example : protein 1A63
RNA binding domain of E. coli rho factor

2069 atoms , triangulation by MSMS with N =132196

(a) (b)

Figure 5: Case 1 (Kirkwood sphere), Memory usage, (a) Poisson-Boltzmann equation, (b) Poisson equation, treecode

order p = 1, 3, 5, 7, 9 (solid lines), direct sum (dashed line), N = 20 · 4l, l = 3 : 8.

Atomic positions required by MSMS were obtained from the Protein Data Bank [11], and the
necessary partial charges came from CHARMM [29]. MSMS has a user-specified density param-
eter giving approximately the number of vertices per Å2 in the triangulation. MSMS produces a
non-uniform triangulation adapted to the geometry of the molecular surface. Some examples are
depicted in Fig. 6. MSMS sometimes produces a few extremely small triangles, e.g. with area less
than 10�6Å2, and these were removed from the computation. The GMRES tolerance was chosen
to be ⌧ = 10�4. The treecode used ✓ = 0.5 for the MAC parameter and order p = 1 for the
Taylor approximation. The aim is to obtain at least 1% accuracy in the solvation energy, which is
a common standard in biomolecular applications.

Figure 6: Triangulation of protein 1a63 molecular surface; MSMS density = 1,5.

Before proceeding, we comment on the clusters used in the treecode. The Barnes-Hut algo-
rithm [4] employed a hierarchy of uniform cubical clusters, but here we use adapted rectangular
boxes obtained by shrinking the clusters around the particles they contain [14? , 27]. The adapted
clusters have smaller radius r

c

, and hence the MAC criterion is satisfied at higher levels in the tree

12
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example : protein 1A63
compare 2 codes
TABI : N = 20K ! 500K

APBS : grid = 65⇥ 332 ! 513⇥ 3212 , h
max

= 1.63 Å ! 0.13 Å
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Geng-K (2013) JCP 247
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example : protein 1A63
TABI parallel performance , N = 132196 , error in E

sol

⇡ 1.3%

Poisson-Boltzmann

# processors run time (s) speedup parallel e�ciency (%)
1 799.3 1.00 100.0
2 410.0 1.95 97.5
4 223.8 3.57 89.3
8 123.7 6.46 80.9

Poisson

# processors run time (s) speedup parallel e�ciency (%)
1 324.4 1.00 100.0
2 166.7 1.95 97.3
4 92.6 3.50 87.6
8 51.0 6.36 79.5
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comparison	of	so>ware	for	molecular	surface	
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outline
1. protein-solvent electrostatics

2. incompressible fluid flow

- tracer transport on a sphere

- vortex dynamics on a sphere

- vortex dynamics in 2D
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motivation :  atmosphere 



tracer transport

given : q
0

(x) , u(x, t) , x 2 S

problem : determine q(x, t) for t > 0

Eulerian form
@q

@t
(x, t) + u ·rq(x, t) = 0

Lagrangian form

flow map : a ! x(a, t) , a 2 S

@

@t
x(a, t) = u(x(a, t), t) , x(a, 0) = a

q(x(a, t), t) = q
0

(a)
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Lagrangian particle method

particles : x
j

(t) ⇡ x(a
j

, t) , x
j

(0) = a
j

, j = 1 : M

panels : P
k

(t) = x(P
k

(0), t) , S = [N

k=1

P
k

(t) , k = 1 : N

icosahedral triangulation

N 20 80 320 1280 5120 20480 81920 327680
M 32 122 482 1922 7682 30722 122882 491522
�� 63.43� 33.87� 17.22� 8.64� 4.33� 2.16� 1.08� 0.54�
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particle advection
d

dt
x
j

(t) = u(x
j

, t) , x
j

(0) = a
j

q
j

= q
0

(a
j

)

problem : particles become disordered for t > 0

solution : remeshing : {xold
j } ! {xnew

j } , {qnewj } = ?
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test case 1 : moving vortices flow
                 - no remeshing

movie	



particle advection
d

dt
x
j

(t) = u(x
j

, t) , x
j

(0) = a
j

q
j

= q
0

(a
j

)

problem : particles become disordered for t > 0

solution : remeshing : {xold
j } ! {xnew

j } , {qnewj } = ?

1. direct remeshing

{qnew
j

} = I({xnew

j

}; {xold

j

}, {qold
j

})

2. indirect remeshing

{anew
j

} = I({xnew

j

}; {xold

j

}, {aold
j

})

{qnew
j

} = q
0

({anew
j

})

I : STRIPACK/SSRFPACK (Renka 1997)
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test	case	1	:	moving	vorZces	flow	

movie	



tracer error

test case 1 test case 2
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⇣(xk)Ak < ✏�
max

test	case	1	:	moving	vorZces	flow	

-	adapZve	panel	refinement	

movie	



test case 2 : reversing-deformational flow
                 - Gaussian hills tracer

movie	



test case 2 : reversing-deformational flow

Gaussian-hills tracer , grid spacing �� = 8.64�

direct remeshing

indirect remeshing
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tracer error
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vortex dynamics on a sphere (partial list!)

point vortices . . .
Kimura-Okamoto (1987), Newton-Sakajo (2007)

vortex patches . . .
Dritschel (1989, 2004), Dritschel-Polvani (1992)

Crowdy-Cloke (2003), Surana-Crowdy (2008)

vortex sheets . . .
Sakajo (2009)

present work : smooth vorticity

– Typeset by FoilT
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velocity :  

vorticity :

Poisson equation :

vortex dynamics : 

Coriolis parameter : f = 2⌦ sin ✓

@⇣

@t
+ u ·r(⇣ + f) = 0

u = r ⇥ x

⇣ = r⇥ u

barotropic vorticity equation : Eulerian form

r2 = �⇣

Bosler-Wang-Jablonowski-K	(2014)	FDR	46	



flow map :

vorticity :

stream function :

Biot-Savart law :

vortex dynamics : d⇣

dt
= �2⌦

dz

dt

 (x) = � 1

4⇡

Z

S
log(1� x · ˜x)⇣(˜x)dA(

˜

x)

⇣ = ⇣(x, t)

x = x(~↵, t)

dx

dt
= � 1

4⇡

Z

S

x⇥ x̃

1� x · x̃⇣(x̃, t)dA(x̃)

barotropic vorticity equation : Lagrangian form



particles :

S = [N
k=1Ak

panels :  cubed sphere 

discretization 

xj(t) = x(~↵j , t)

d⇣j
dt

= �2⌦
dzj
dt

dxj

dt
= � 1

4⇡

X

k=1
k 6=j

xj ⇥ xk

1� xj · xk
⇣kAk

vorticity :



Rossby-Haurwitz wave - no remeshing 

vorticity panels

movie	

Rossby-Haurwitz	wave	–	no	remeshing	



RH4 wave , remesh + restart 

vorticity panels

movie	

Rossby-Haurwitz	wave	– remeshing	



remesh + refine

disruption of the polar vortex
motivated by Juckes & McIntyre (1987)

movie	



fluid	flow	in	2D	:	incompressible,	inviscid	
Eulerian	form	

Lagrangian	form	

@!

@t
+ u ·r! = 0 , r · u = 0

u = r? , r2 = �!

-	parZcle/panel	method	+	remeshing,	AMR,	treecode	

x(a, t) ,
dx

dt
= u(x, t) , x(a, 0) = a

u(x, t) =

Z
K�(x,y)!(y, t)dy , K�(x,y) = �r? ln(|x� y|2 + �2)

4⇡

!(x, t) = !0(a)



ellipZc	vortex	

linear	scale	 logarithmic	scale	

Koumoutsakos	(1997)	



ellipZc	vortex	 adapZve	mesh	
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ellipZc	vortex	1	:	conserved	quanZZes	
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x

!(x, t)

�(t) =

Z
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Z
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maximum	vorZcity		:	

circulaZon		:	

enstrophy		:	
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current/future projects
protein-solvent electrostatics

- binding energy of protein-ligand complex

- protein pKa

incompressible fluid flow
- viscosity, 3D, solid boundaries

- shallow water equations
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